with period $ 2\pi$ and its Fourier series and its conjugate be B. N. PRASAD and U. N. SINGH [7] have found a criteria for This theorem is the analogue of F. T. WANG'S theorem for Fourier series ([8] ). As the analogue of another theorem due to G. H. HARDY and J. E. LITTLEWOOD ([3] , cf. [5] ), we have proved [4] We have also the following theorem. 
for any $k>0$ , where $\overline{\tau}_{n}(x)$ is the n-th partial sum of the series (1.4) and $H_{m}(x)=-\frac{1}{4_{7_{\sim}}}\int^{\kappa}h_{x}(t)1/m$ cosec2 $\frac{t}{2}dt$ .
Theorem 8. If $f(t)$ is a continuous function of bounded variation which is differentiable at $t=x$ and if for some
Proof of sketch of Theorem 1 and Theorem 2 is given in [4] and [6] . We give he $re$ their complete proof in \S 2 and \S 3. Theorem 3 is stated in [4] , but the proof is not given there, so that we prove it in \S 4. In the paragraphs \S 5-\S 8, we prove the remaining theorems. 
By the integration by parts,
Hence we have 1) Cf. HARDY-LITTLEWOOD [2] .
(2. 2)
For any $\epsilon>0$ , there is a $\delta$ such that
for $ 0<t<\delta$ .
Let us put
where
and $g_{1}(u)$ is linear in $(\delta/2, \delta)$ and is continuous in Hence, it is sufficient to show that
For this purpose we set
Using these formulas, we have
Hence we getl)
$|I_{2}|\leqq\epsilon\Gamma_{m}+\epsilon\Gamma_{m}\int_{1/m}^{\delta/2}\frac{dt}{t(\log 1/t)^{a}}<A\epsilon\Gamma_{m}$ . Since $\epsilon$ is arbitrary, we get the required result.
3. Proof of Theorem 2. We can replace $0$ in (1.7) by $0$ , and then for any $0<e<1$ , there is a $\delta$ such that
and $g_{1}(u)$ is linear in $(\delta/2, \delta)$ and is continuous in Since $P_{n}=\frac{1}{2_{T}}\int_{0}^{\delta/2}\frac{\sin nt}{\tan t/2}dg(t)+\frac{C}{2\pi}\int_{\delta/\sim}^{\delta}0\frac{\sin nt}{\tan t/2}dt$ $=\frac{1}{2\pi}\int_{0}^{\delta/2}\frac{\sin nt}{\tan t/2}dg(t)+0(1)$ , we have We next consider the remaining part $I_{4}$ : We have . We have
say. Let us first estimate $J_{1}$ . We write
where the inner integral becomes, by integration by parts, Since $\frac{1}{v(u-v)}=\frac{1}{u}(\frac{1}{v}+\frac{1}{u-v})$ , we have 
Proof of Theorem 31).
We see that the assumption of Theorem 3 Hence it is sufficient for the proof to show that $4\pi^{2}J=\sum_{n=1}^{m}\int_{0}^{\iota r}\frac{\sin nt}{\tan t/2}dg(t)\int_{0}^{\iota r}\frac{\sin nu}{\tan u/2}dg(u)=o(m\log m)$ .
For this purpose, we have
We consider first $J_{41}$ . We have $J_{41}=\int_{1/m}^{It/2}\frac{dg(t)}{\tan t/2}\{\int_{|u-t|<1/m}\underline{)}+\int_{|u-t|\geq 1/-m}I\frac{1}{\tan u/2}\frac{\sin m(u-t)}{\sin(u-t)/2}dg(u)$ $=J_{41}^{\prime}+J_{42}^{\prime}$ , where $|J_{41}^{\prime}|\leqq Am.\int_{1/m}^{\iota t/2}\frac{|dg(t)|}{t}\int_{Iu-t\rceil<1f2m}\frac{|dg(u)|}{u}$ $=Am\int_{1/m}^{\iota r/2}\frac{|dg(t)|}{t}\int_{t-J/\cdot,m}^{t+1/2m}\frac{|dg(u)|}{u}$
slnce $1\leqq\frac{t+1/2m}{t-1/2m}\leqq 3$ for $1/m\leqq t\leqq\pi/2$ , and $|J_{41}^{\prime}|\leqq A\int_{1fm}^{ltf2}\frac{|dg(t)|}{t}\int_{t+1/2m}^{\pi}\frac{|dg(u)|}{u}+A\int_{a/2m}^{l}\frac{|dg(t)|}{t}\int_{1/m}^{|dg(u)|}u(t-u)$ $=A\{J_{4t1}+J_{41?}\}$ .
Integrating by parts, we get
and we have similarly
Hence we get Thus we get Theorem 3.
5. Proof of Theorem 4. Since $f(t)$ is a continuous function of bounded variation, it is sufficient to prove (1.8), replaced $\tau_{n}(x)$ by $\tau_{n}^{*}(x)=\frac{1}{\pi})_{0}^{2_{I}r}(\frac{d}{dx}\frac{\sin n(x-u)}{2\tan(x--u)/2})f(u)du$ .
We have $\tau_{n}^{*}(x)-s=\frac{1}{\pi}\int_{0}^{\kappa}\frac{\sin nt}{2\tan t/2}dg(t)$ .
We shall prove that 
. Thus, summing up above estimations, we $get$ (6.1). Thus the theorem is proved.
7. Proof of Theorem 7. As usual if we put
Let us put For this purpose we have $|\int_{1/m}^{\delta/2}\frac{\cos nt}{\tan t/2}dh(t)|^{2}=\int_{1/m}^{\delta/2}\frac{\cos nt}{\tan t/2}dh(t)\int_{1/m}^{\delta/2}\frac{\cos nu}{\tan u/2}dh(u)$ $=\frac{1}{2}J_{1/m}^{\delta/2}\int_{1/m}^{\delta/2}\frac{dh(t)}{\tan t/2}\frac{dh(u)}{\tan u/2}\{\cos n(u-t)+\cos n(u+t)\}$ .
Hence we get $n=1\angle_{-}\nabla\urcorner m|\overline{S}_{n}|^{2}=\frac{1}{2(2\pi)^{2}}\int_{1' m}^{\delta/2}\int_{1' m}^{\delta/2}\frac{dh(t)}{\tan t/2}\frac{dh(u)}{\tan u/2}\{\frac{\sin(m+1/2)(u-t)}{2\sin(u-t)/2}$ $+\frac{\sin(m+1/2)(u+t)}{2\sin(u+t)/2}\}+o(m)$ .
Thus the requIr $e.d$ result shall be obtained by the same argument used in the proof of Theorem 2.
